PROCEEDINGS 

OF SCIENCE 



o 



Anomalous AV V vertex function in the soft-wall 
holographic model of QCD 



hi- 



cn 
o 



Fulvia De Fazio* 

Istituto Nazionale di Fisica Nucleare, Sezione di Bari, Italy 
E-mail: 



fulvia.defazio@ba.infn.it 



I consider the three-point function of two vector and one axial-vector currents. In the kinematic 
configuration in which one of the two vector currents corresponds to an on-shell soft photon, such 
a vertex is described in QCD by two functions, wl and wj. After reviewing the properties of 
these functions in QCD, I describe the result obtained using the soft-wall holographic model of 
QCD with the addition of the Chern-Simons term and I compare it with the QCD outcome. I also 
discuss a relation, proposed by Son and Yamamoto, that connects wl and wj to the two-point 
functions Tlvv and Haa ■ 



X 
S3 



Xth Quark Confinement and the Hadron Spectrum 
8? 12 October 2012 

TUM Campus Garching, Munich, Germany 



* Speaker. 



© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Lieence. 



http://pos. sissa.it/ 



Anomalous AV*V vertex function in the soft-wall holographic model ofQCD 



Fulvia De Fazio 



1. Introduction 

In this paper I summarize the results obtained in [P using a holographic approach to QCD, the 
soft- wall model [Q], for the three-point function of two vector and one axial vector currents if one 
of the vector currents corresponds to an on-shell soft photon. This function enters, for example, in 
the calculation of the massless fermion anomalous triangle diagrams. While the longitudinal part 
of such diagrams is fixed by the chiral anomaly and receives no kind of corrections, the transverse 
part is affected by both perturbative and non perturbative corrections to the result obtained through 
the computation of the leading order diagram. On the other hand, corrections should be included 
to both longitudinal and transverse parts when massive quarks are considered. 

Aiming at understanding to which extent the holographic approach reproduces known QCD 
features, it is interesting to calculate these quantities in this framework and compare them with the 
corresponding QCD findings. I also discuss an interesting relation, proposed in [^, connecting the 
transverse part of the anomalous triangle diagrams and the two-point left-right current correlator. 



2. Functions wl and wj in QCD 



I consider the correlation function of two vector currents = qVy^q and an axial current 
Jy = qAjvjsq, (V, A being diagonal matrices acting on the flavour indices of the quark fields q), 
when one of the two vectors corresponds to a real, soft photon with momentum k ~ and k 2 = 0: 



' fiva 



(q,k) 



d 4 xd 4 ye iqx - iky 



(o\T[j,(x)j v (o)JT(yW) 



(2.1) 



with J e a m 



the electromagnetic current. A related quantity is the two-point correlator in an ex- 
ternal electromagnetic field T^ v (q,k) = i f d 4 xe iqx (0| T[J^(x)J v (0)] \y(k,e)) since T^ v (q,k) — 
e£ a T^ va (q,k), with e a (k) the photon polarization vector and e the electric charge unit. For k — > 0, 
keeping only linear terms in k, T^ v can be written in terms of two structure functions wt(q 2 ) and 
w T (q 2 ): 

T» v (q,k) = -^Tr[eyA]{w r ( ? 2 )(V/Mv+^/Av-^A M )+^(? 2 WA M } ■ (2-2) 



Q is the electric charge matrix and f^ v = -£^ va pf a ^ the dual of the photon field strength f° 
k a eP — k^e a . The first term in (2.2) is transverse with respect to the axial current index, the second 



rap 



one longitudinal. The calculation of the triangle loop diagram corresponding to (gjj) when it takes 
contribution from a single quark of mass m, was first performed in [ffl] with the result: 



MQ 2 ) 



2MQ 2 ) = ^ 



2m 2 , m 2 m 4 ^ 

1 H ~- In + G\ — r 

Q 2 Q \Q 4 



(2.3) 



where Q 2 = —q 2 . Both perturbative and nonperturbative corrections modify this result. Neverthe- 
less, a non-renormalization theorem protects wl from receiving perturbative corrections while, 
in the case of wj, in ^ it has been shown that in the kinematic condition in which one of the pho- 
tons is on shell and soft (k — > 0), and for Q 2 3> m 2 , also wj does not receive perturbative corrections 
to any order. Therefore, in the chiral limit m = one has 



MQ 1 ) = • 



(2.4) 
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Furthermore, discarding nonperturbative corrections, the relation holds: 

w L (Q 2 ) = 2w T (Q 2 ) . 



(2.5) 



In the chiral limit nonperturbative corrections to Wl are also absent since the dependence 
wl x 1/2 2 reflects the contribution of the pion pole at Q 2 = to the longitudinal part of 7^ v . 
Nonperturbative corrections to wj exist and start at G (<2~ 6 ) ■ For m / 0, using the Operator Product 
Expansion (OPE) at large Euclidean Q 2 , the operator f^ v can be written as 



f MV = i J d 4 xe Ul ' x T[J fl (x)Jy(0)] = ^v ai a 2 ... ai {q) O 



a,[a,2...aj 



(2.6) 



where Oi are local operators and c' coefficients computed perturbatively. The dimension of the Oj 
matches the dependence of the c' on the inverse powers of Q 2 . Keeping only linear terms in the 
photon momentum k, the structure of the OPE for 7^ v is 

^v = l{cH9 2 )(-9 2 ^ v + ^/0i v -^0^)+ci(^ 2 W0i /i } , (2.7) 



so that, writing (0| Of P \y(k,e)) 



■Kjf a P, one finds: wl,t(Q 2 
operators with dimension up to D = 3, the OPE result for wl and wj reads: 

%iz 2 m{qq)X 



LiCLT(Q 2 ) K i- Including 



w L {Q l )=2w T {Q l ) 



Q 2 



2m m" 

l + -& Xn Q 2 



N C Q 2 



+ 



m 
Q~ 4 



(2.8) 



at large Q 2 (with &(ot s ) corrections computed in In (2.8), (qq) denotes the vacuum quark 
condensate and % the so-called magnetic susceptibility of the quark condensate. 

As for higher order terms, the dimension D = 4 operators can be reduced to the D = 3 ones 
using the quark equation of motion, while both D = 5 and D = 6 terms contribute to 6 \ @) 
order. Remarkably, the contribution of the dimension D = 6 operators does not vanish in the chiral 
limit and is responsible of the difference between wi and 2wj- Indeed, for m q = 0, wl remains 

wl(Q 2 ) = — while wt, including the leading nonperturbative correction, reads [^, §]: 



Q 



2 N c m7l 3 a s x(qq) 2 
Wt{Q ] -& + 9Q 6 



(2.9) 



X arises here factorizing the matrix element of four-quark operators in the external field F a P . There 
might be other 0{\/Q b ) contributions in the OPE; however, they stem from operators contributing 
at one loop with small coefficients, while the l/Q 6 term in ( |2.9[ ) comes from tree-level diagrams. 



3. Functions wi and wj in the soft-wall AdS/QCD model 

The AdS/CFT correspondence was formulated as a duality between a type IIB string theory 
defined on AdSs xS 5 space and a JY =4- super Yang-Mills theory with gauge group SU(N C ), for 



large 7Y C [10]. Subsequently, the correspondence has been generalized as an equivalence between a 
theory defined on AdS^+i x ^ ( c ta being a compact manifold) and a conformal field theory defined 
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on the flat boundary of the AdS space QXTp ; on this basis the challenging attempt of describing 
strong interaction processes by this approach has been undertaken. Two ways are followed to this 
aim. The first one is so-called top-down approach in which, starting from a string theoiy, one tries 
to derive a low-energy QCD-like theoiy on through compactifications of the extra dimensions 
[12]. The second one is the bottom-up approach in which, starting from Ad QCD, one tries to 
construct its higher dimensional dual [13]. 

In both cases it is necessary to break conformal invariance, since QCD is not a conformal 
theory [14], and to account for confinement. In the bottom-up approach, conformal invariance 
can be broken by allowing the fifth coordinate z to vary up to a maximum value Zmax of 



[13, 15] (hard-wall model), or by introducing in the 5d AdS space a background dilaton field 
(soft-wall model) [16, 17]. I consider the soft-wall model, defined in a five dimensional AdS 
space with line element ds 2 = gMNdx M dx N 



{r]^ lv dx lx dx v - dz 2 ) with M,N = 0, 1,2,3,5, rj^ v 



diag(+l, — 1,— 1, — 1) and R is the AdS curvature radius (set to unity). The fifth coordinate z 
runs in the range e < z < +°°, with e — > + , and one introduces a background dilaton-like field 
<J>(z) = (cz) 2 . With this choice, linear Regge trajectories for light vector mesons are obtained; c 
is a dimensionful parameter numerically fixed to c = -j- from the analysis of the spectrum of the 
light vector mesons. In this framework light vector, axial- vector and pseudoscalar mesons can be 
described, with a mechanism of chiral symmetry breaking related to the presence of a scalar field; 
the light scalar meson sector has also been studied in [18]. 

To study the considered three-point function one introduces the left and right gauge fields gf" 
and sti ( 1 , dual to the SU(N f ) L and SU(N f ) R flavour currents, q L Y^T a q L and qRY^T a q R , with T" 
the generators of SU (Nf) [ |T9| , |20| , ||]. Since we want to describe the electromagnetic current that 
contains both isovector and isoscalar components, we enlarge the gauge group to U (N/)l X U (-/V/)# 

rM _< + < 



to describe its dual. The gauge fields 



L,R 



are then combined into a vector V 



and an axial-vector field A M 
introduced: F™ N = d M V N - 



— , and the corresponding field strength tensors FyF are 



d^yM _ i[v M ,V N ] - i[A M ,A N ], F f 



MN 
A 



d M A N _ d N A 



N aM 



■i[V M ,A N ] 



i[A M ,V N ]. A scalar bulk field, dual to the quark bifundamental field q^q^, is also introduced: X = 

Xoe 2 ' 71 , where Xq = is a background field that depends only on z. It provides chiral symmetry 
breaking, being dual to the QCD quark condensate < qq >. 7l(x,z) represents the pseudoscalar 
meson field. The definition of X can be further modified to (Xq + S)e , including a scalar field 
S(x,z) describing light scalar mesons [|8fl. The 5d action for the fields V,A and X reads 



>7M 



[ d 5 x^/ge-*Tr\\DX\ 2 -m 2 5 \X\ 

KYM J [ 



2gj 



(3.1) 



where D M X = d M X — i[V M ,X] — i{A M ,X} is the covariant derivative, g the determinant of the 
metric tensor gMN, *&(z) the dilaton, and Icym a pai - ameter. Matching the two-point function of the 
vector field V, and that of the scalar field S, with the corresponding leading order perturbative QCD 
results fixes k YM = ±ff and = f @ 0. 

To compute the functions wl.t, following [11] and [21 ]-[p4|], [J3j] a Chern-Simons contribution 
to Sym is added: 



Scs(^) = k cs J d 5 x Tr 



srfF 



2 --^F- 



1 

— i 
10 



(3-2) 
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Terms in the Chern-Simons action Scs proportional to higher odd powers of s^lr do not contribute 



to the AV*V vertex considered here, so that they can be neglected, keeping in ( p.2| ) only the terms 
Tr [^l,rFI r ] = Sabcde Tr ^lrF^F^^ , with A, . . . ,E indices of the 5d coordinates. Moreover, 
since the Chern-Simons actions are invariant only up to a boundary term, in [jl|] a boundary term 
has been included to make explicit the invariance under a vector gauge transformation, obtaining: 
Scs+b = 3&cs £abcde J d 5 x Tr [A A {Fy C ,Fy E }] . The constant kcs is fixed below. 

Our starting point is the effective action Svj = Sym + Scs+b- Exploiting the AdS/QCD cor- 
respondence, the 5d action is dual to the QCD generating functional relative to a given operator 
0(x) provided that the source of 0(x) coincides with the z = boundary value, fo(x) = f(x,0), 

of the dual field f(x,z) in the 5d action: /e'/^oWAWj = ^/[/Ml. According to this 

\ / QCD 

prescription, the functions wl and wj are computed by a functional derivation of the 5d action. 
One has first to define G"^(q,z) as the Fourier transform with respect to the 4d coordinates x^ 
of a generic gauge field G"(x,z) = V a (x,z) and A a {x,z) {a flavour index) and then introduce the 
bulk-to-boundary propagator G(q,z) as: G a ^(q,z) = G(q,z)G a ^ (q), where G a ^ (q) is the source 
field. In the case of the vector and axial-vector fields of momentum q we consider two projectors 
Pjtv = Vnv — ^jr, Pfiv = -^jr-, in such a way that the vector and axial-vector bulk-to boundary 
propagators are expressed in terms of the transverse and longitudinal parts: 

V°(q,z)=V 1 _(q,z)P^ v V£ v (q) , A^(q,z) = A^P^K \q) +A||(< ? ,z)pJ! v Ag v \q) , (3.3) 

imposing as boundary conditions Vi(^,0) = 1 and A±(q,0) =An (q,0) = 1 (the behaviour at z — > °° 
is discussed later) and accounting for the fact that the (conserved) vector field is transverse. The 
longitudinal component of A is written as A a ^(q,z) = Au(jq,z)Pj LV A" (q) = iq^^". 

From the 5d action a set of equations of motion are obtained in the gauge V z = A z = 0: 

2 

Q 2 —V ± =0 (3.4) 

y 

-& e —A ± -^^A ± = (3.5) 

y y 

dy^j+^q (ft a -(j> a )=0 (3.6) 

2, ,2 1 




y 



Q2(d y $") + ^^d y r = (3.7) 



Q 

where y = cz and Q 2 = — with Q 2 = —q 2 > (the notation V = V±, A = A± has been adopted). 

c L 

/• q^ 
From the relation <j) a (q,y) = -i CJ ^A\\{q,y)Pl v A a vQ {q) and writing fi"{q,y) = -i^-7C(q,y)A a ^ (q), it 



turns out that n{q,y) and A\\(q,y) obey the same equations ( fT6| ) and ( P?7| ) as ft a and <j) a . 

An equation can also be derived for the field X = ^v: d y (^pr d y v(y) S j + ^3— v(y) = 

the regular solution of which reads v(y) ~ yU (^O,^ 2 ) and can be expanded for y — > 0: 
v(y) — > + On the basis of the holographic dictionary JT9[], one argues that the quark mass, 
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responsible of explicit chiral symmetry breaking, enters in the coefficient C\ , and the quark conden- 
sate, governing the spontaneous chiral symmetry breaking, enters in C2'. m q X C\, a« (qq) oc c 2 . 
However, since C\ and C2 are related, a proportionality between m q and (qq) is implied, which 
does not hold in QCD. This feature of the soft-wall model could be corrected adding potential 
terms V(|X|) to the action. However, in the following the form v(y) = ^ry + §;y 3 is assumed ]Jp3j\. 

Determining wl and wj, by the AdS/CFT prescription requires a functional derivation of the 
effective 5d action. The Chern-Simons action is written as Scs+b = 48 fccs" Fan J d 5 xAyd z V^, 
with d ab = ^Tr[Q{T a , T b }], and F^m the external photon field strength. Performing the functional 
derivation one has 



d ab (2K)- 4 8 4 (q 1 +q 2 )(jJ l J- 



ji J v I p 



8 2 S CS , 



'no 



L v0 



(©) 



(3.8) 



On the other hand, the correlation function of a vector and an axial vector current in the external 
electromagnetic background field reads, in terms of s wl and wr, 

•,2 



d ah (J^jfyp 



ij d 4 xe^(T{jl a (x)4 b (0)}) p =d ab ^P^ a [P v L p w T (Q 2 )+Pl p w L (Q 2 ) 



pafi 

(3.9) 



so that comparison of ( pjj| ) with ( pif ) gives 

2Nc 
Q 2 



MQ 2 ) = —^l dyA\\{Q 2 ,y)d } y(Q 2 ,y) , Wt {Q 2 ) = —^J^ dyA x (<f,y)d y V(Q 2 ,y) . 



The choice kcs 



(3.10) 



96 7T 



reproduces the leading term in the QCD OPE ( |2.5| ). 



To compare these results with the QCD findings one needs to solve the equations of motion for 
V, Aj_, A11. Eq.(^4|) for V(Q 2 ,y) can be exactly solved with the boundary conditions V(Q 2 ,0) = 1 

and V(Q 2 ,oo) = 0, with the result V{Q 2 ,y) =r(l + ^\u (£?,0, y 2 ^ , where U is the Tricomi 
confluent hypergeometric function. The calculation is more difficult for A± and An since Eqs.(^3|) 
and (3.7) involve the function v(y). Expanding in the inverse powers of Q 2 , the result is found [[I]]: 



2 2 

3Q 2 



2gjm^c 2 
5Q 4 



+ 



4 4 

S5 m q 

6Q 4 



5Q 4 



1 

G 8 



(3.11) 



w L (Q 2 ) 



2N L _ 
Q 2 1 



x(Q 2 ,0)] N c 



8s m q . 4g 2 5 m q o 2g£nq 



Q 4 



+ 



e 6 



3<2 6 



(3.12) 



where the boundary condition of the chiral field 7i(Q 2 ,0) appears in the expression of wl- For 



0, at leading order in the l/Q expansion, the QCD results in (2.4-2.5) are recovered. The 



result for wl holds even for (7^0, while that for wj is modified. Considering Eq. ( |3. 1 1| ) for m q = 



and a / 0, one can observe that the first correction to the leading term is of On the other 



hand, Eq. ([2.9|), obtained in QCD in the same limit, shows the first correction of &(-^). This could 



be an indication that in the considered holographic model the susceptibility of the chiral condensate 
X vanishes. Furthermore, a mismatch is found also comparing the solutions in the most general 



case m, / 0, a / since the logarithmic term in the QCD result (2.8) is missing in the soft-wall 
model result. 
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4. Two-point functions and Son-Yamamoto relation 

Let us consider the left-right correlator ILj? = n^ y — IT^ 4 , where and IT^ 4 are the trans- 
verse invariant structures that appear in the two-point functions of the vector and axial-vector cur- 
rents = qy^T a q and axial- vector currents = qy^j5T a q 

n? v (?) = ifSxe* (0\T{j;(x)4(0)}\0) = {q^q v -q 2 g^)d ab Yl L {q 2 ) + q^d^iq 2 ) . 

(4.1) 

In [^] a relation has been derived that links this quantity to the pion decay constant F K and the 
structure function wj in massless QCD and for any positive and negative Q 2 : 

wr(G 2 ) = § + §n LS ( G 2 ) . (4.2) 
Computing YIlr in the soft wall model and expanding in the inverse powers of Q 2 one gets ^ 

n ^ = -it^ +e {h)- (4J) 

The first contribution to U LR is of G (l/2 6 )> an d has the same negative sign as the corresponding 
dimension six condensate in QCD [|^, |27|]. On the other hand, for m q = 0, the leading power 

correction to wj is wt(Q 2 ) = f 1 + ^Cgii)! ' so tnat ^ e ^ dependencies of the two sides of 
( fp| ) do not match, similarly to what is found in 0. Other discussions about this relation can be 
found in and in other holographic models [28, f^, pip . 



5. Conclusions 

The functions wl and wt can be determined in the soft-wall model with the Chem-Simons term 



in the action, providing the results ( p.lO| ) . In the chiral limit, the result ( p.4[ ) for wl is recovered and 



holds also for non vanishing chiral condensate. As for wj, when m„ = and a = the described 



calculation reproduces the QCD result and the relation d2.5| ). 

Away from the chiral limit, mismatches are found in the 1 /Q 2 expansion when comparing the 
holographic results for wl.t to the QCD outcome, a consequence of the choice of the simplest inclu- 
sion of the quark mass in the holographic framework through the expression of v(y). In particular, 
in the expansion of wj for large Q 2 , the next-to-leading contribution in wj is <^(l/<2 8 ) i n the holo- 
graphic model, while it is G(l/Q 6 ) in QCD. Since in QCD this correction involves the magnetic 
susceptibility % of the quark condensate, a simple interpretation of this result could be that, in the 
soft- wall model, % vanishes. Another explanation could be that operators like 0^ v = qo^ v q should 
be included in the dual approach jf32[]. Finally, this calculation eveils a violation of a proposed 
relation between wj and Hlr, Eq.( |4.2| ). 
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